Abstract. We exhibit a large new class of C 1 open examples of robustly transitive maps admitting persistent critical points in the isotopic class of expanding endomorphisms acting on the two dimensional Torus and the Klein bottle.
Introduction
Two of the main motivations in dynamical systems to study some properties are the persistence and if these systems are representative and have a rich behavior. In particular, we are interested in systems that are C 1 robustly transitive, where transitivity means that there exists forward dense orbits and this behavior is shared by all nearby systems in the C 1 topology. Let us briefly comment on the present state of the art on this issue. For diffeomorphisms, this problem has been studied in several papers. The classical examples of Shub in T 4 ( [Shu71] ), Mañé in T 3 ( [Mañ78] ), and Bonatti and Díaz ([BD96] ) have an underlying structure weaker than hyperbolic, known as partially hyperbolic. These constructions were generalized by Bonatti and Viana in [BV00] , providing robustly transitive diffeomorphisms with dominated splitting. For diffeomorphisms on surfaces, Mañé ([Mañ82] ), and for diffeomorphisms on manifolds, Díaz, Pujals and Ures ( [DPU99] ), and Bonatti, Díaz, Pujals ([BDP03]), gave some necessary conditions for existence of robustly transitive diffeomorphisms.
In the non-invertible (endomorphisms) setting some new results has appeared in the last decade. Lizana and Pujals showed in [LP13] some necessary and sufficient conditions for robustly transitive local diffeomorphisms and they constructed examples of robustly transitive non-expanding endomorphisms, some of them without any dominated splitting. In particular, it is shown that is not necessary any weak form of hyperbolicity for robust transitivity in the local diffeomorphisms setting. critical points, and recovering a property that is observed in the diffeomorphisms setting.
Some natural questions arise from these results:
Question 1. Which are the homotopy classes admitting robustly transitive endomorphisms with critical points?
Question 2. Does the Klein bottle admit robustly transitive maps?
Some examples of robustly transitive maps admitting persistent critical points are exhibit in [BR13] and [ILP16] . However, these examples are in the homotopy class of a linear endormorphism with real eigenvalues such that |µ| ≤ 1 < |λ|.
In this paper we construct in the 2-torus a large new class of C 1 open examples of robustly transitive maps admitting critical points that are homotopic to the class of expanding linear endomorphisms such that the eigenvalues are |µ| ≤ 1 < |λ| or 1 < |µ| < |λ|. This construction can be extended for the Klein bottle proving question 2.
The idea of the construction is the following. Start with an expanding linear map on the 2-torus with one of the direction more expanding that the other one. We make a perturbation in the weaker direction in some region in order to get a region in the 2-torus that has a "mixing property", so-called blender, and in a finite number of iterates we cover the whole torus. Then we show the existence of a family of unstable cones and we proceed to make another perturbation in order to insert the critical points. This new map has the property that for any "vertical line", all the iterates remain "vertical" and the length goes to infinity, and it gets dense in a certain region that contains the blender. Since the blender covers the torus in a finite steps, we have that every open set has a pre-image in the blender, and, therefore intersects any "vertical line". The last property allows us to prove that the new map is transitive. Moreover, since all the construction is robust, then the map is robustly transitive. The proof is divided in two cases, called periodic (Theorem A, in section 3.1) and irrational (Theorem C, in section 3.3), depending on how the eigenvalues are. Moreover, Theorem B shows that the construction can be extended to the Klein bottle, answering question 2, see section 3.2.
Some comments are in order. In [ILP16] was constructed some examples that are isotopic to expanding linear maps, but there is a mistake in the proof when showing that the new map is robustly transitive. The usual argument for proving transitivity is to take any two open sets and to show there is an iterate of one of them such that intersects the other one. This argument works fine if the maps is a local diffeomorphisms, but once we have critical points and we perturbe in the C 1 topology, an open set could colapse in a curve, so the argument above cannot be completed easily. Thus, our focus here is to present a correct version of a large class of examples.
Some questions that still remain open are the following. Question 4. A zero degree map can be robustly transitive?
The paper is organized as follows. In section 2, we present the Iterated Function Systems and Blenders. Section 3 is devoted to the construction of the examples, periodic (section 3.1) and irrational case (section 3.3), and the construction in the Klein bottle (section 3.2).
Blenders and Iterated Function Systems
In this section we introduce a very useful tool known as Iterated Function System that we will apply in the following sections.
2.1. Iterated Function Systems-IFS. Given f 0 , f 1 , . . . , f l−1 : I → I orientation preserving maps on an interval I, not necessarily invertible, we defined as Iterated Function System, IFS for short, the set < f 0 , . . . , f l−1 > of all possible finite compositions of f i s, that is,
The orbit of x is given by O(x) := {h(x) : h ∈ < f 0 , . . . , f l−1 >}. Define the length |h| of the word h by
for every x ∈ J. Whenever the minimal subset is an interval, we call it by minimal interval.
2.2. Blenders for endomorphisms. Given F ∈ End 1 (T 2 ), we say that F has a blender if there exist a box Q = I × J ⊂ T 2 , and finitely many disjoint intervals J 0 , J 1 , . . . , J l−1 contained in J, and l-maps f 0 , f 1 , . . . , f l−1 : I → I such that (i) F ({x} × J i ) = {f i (x)} × J, for each i = 0, . . . , l − 1, and x ∈ I; (ii) The IFS < f 0 , f 1 , . . . , f l−1 > induced by F has a minimal interval. The box Q is called a blender for F .
The following example will be used later in our construction. Example 1. Consider F ∈ End 1 (T 2 ) which admits a box Q = I × J ⊂ T 2 , and two disjoint intervals J 0 and J 1 contained in J, so that
where λJ i := {λy : y ∈ J i } ⊃ J and f 0 , f 1 : I → I behave as one of the cases in figure 1. Then, by Proposition 2.1.1, we have that IFS < f 0 , f 1 > has a minimal interval. Hence, F has a blender set.
Note that as a consequence of item (i)-(ii) above, we have the following result.
(1)
More precisely, we have that
Next result shows that property (1) is persistent under small perturbations.
Proof. First, let us fix some notation. For G ∈ U F and each x ∈ I, denote by
Second, let us assume the following claim that will be proved later.
Claim 1: For every θ > 0, there exists n 0 ≥ 1 such that, for every x ∈ I,
That is, {{h(x)} × J : h ∈< f 0 , f 1 > and |h| ≤ n 0 } intersects every open set B in Q which its projection over I has length greater than θ.
Since Claim 1, we may choose U F a C 1 open neighborhood of F such that every G ∈ U F has the property that for every x ∈ I,
Moreover, we may write G = (g 1 , g 2 ) in Q satisfying:
for every x ∈ I and i = 0 or 1;
Let B an open set in Q. Consider backward iterates of B by G, since the length of the projection over I of G −n (B)∩Q grows as n grows, we may choose n 0 sufficiently large such that the projection over I of G −n0 (B) ∩ Q has length greater than 2θ. Therefore, by (2), we get that
This concludes the proof of the proposition. Now let us prove Claim 1.
Proof of Claim 1. Suppose there exists θ > 0 such that for every n ≥ 0, there exists x n ∈ I and w n ∈ Q such that ∪ h∈<f0,f1> ({h(x n )} × J) ∩ B θ (w n ) = ∅. Let w ∈ Q and x ∈ I be accumulation points of {w n } n and {x n } n respectively. Take n 0 sufficiently large such that B θ (w n ) ⊃ B θ/2 (w), for every n ≥ n 0 . Therefore, h∈<f0,f1>
contradicting Proposition 2.2.1.
Let us introduce the following notation. An arc γ is said to be cutting across Q whenever γ is contained in Q and intersects ∂Q − = I × ∂J − and ∂Q + = I × ∂J + , where ∂J − < ∂J + are the endpoints of J. As a consequence of the Proposition 2.2.2 follows that any curve cutting across Q has a dense forward orbit in Q. Concretely, Proposition 2.2.3. Given F ∈ End 1 (T 2 ) as in Example 1. Then, there exists a C 1 open neighborhood U F of F in End 1 (M ) so that given any arc γ cutting across Q sufficiently close to {x} × J, then
for every G ∈ U F .
Proof. In order to prove the proposition, we will prove that given any open set B ⊂ Q, there exists n ≥ 1 such that G n (γ) intersects B, for any γ as in the statement.
First, note that by Proposition 2.2.2, we may take a C 1 open neighborhood
2 ), we have that for any x ∈ I and
Now, denote by γ 0 the connected component of γ in S 1 × J i0 and choose a box 
Construction of the examples
We present in this section the construction of different type of open examples of robustly transitive maps in the isotopic class of an expanding endomorphisms acting on the two dimensional torus admitting persistent critical points.
Let L be a matrix with spectrum σ(L) = {λ, µ} and |λ| |µ| > 1. In this case, F u and F u are after a change of coordinates, if necessary, we may assume that
By abuse of notation we denote also by L the endomorphism induced by the matrix L on T 2 . Moreover, let F u and F c be the strong unstable and (weak) unstable foliations which are projections by universal covering of the eigenspaces E u and E c (subspaces associated to the eigenvalues λ and µ of L), respectively. We denote by F σ (q) the leaf tangent to E σ at q ∈ T 2 , σ = u, c, and F σ r (q) is the connected component of F σ centered at q and radius r.
The examples are presented in two homotopy classes, which we call by Periodic and Irrational cases.
3.1. Periodic Case. Consider λ, µ ∈ Z. In this case, note that
. Since f 0 is transitive, there exists a residual set of points whose forward orbits by f 0 are dense. Hence, given , δ 0 > 0 small enough and
(1) There exist p i 0 attractor fixed points and p Let J be an interval in S 1 centered at the origin. Consider three points y 1 < 0 < y 2 in J and three intervals J 0 , J 1 and J 2 centered at 0, y 1 and y 2 , respectively, contained in J, sufficiently small such that
Denote by R J and R i the horizontal stripes S 1 × J and S 1 × J i , respectively, i = 0, 1, 2.
Let us define F : T 2 → T 2 by F (x, y) = (f y (x), λy), where f y is an homotopy map satisfying: ] follows that F defined above has a blender set. In particular, it follows from the proof of Proposition 2.1.1 and by construction of f 1 , f 2 that for every x ∈ (p 1 1 , p 2 2 ), there exists h ∈< f 1 , f 2 > so that h(x) belongs to the minimal interval I.
The following proposition shows that the orbit of any point in S 1 by the IFS < f 0 , f 1 , f 2 > intersects the minimal interval of < f 1 , f 2 >, for f 0 , f 1 and f 2 as above.
Proof. Since Remark 3.1.2 and the fact that
2 ) is the unique attractor for f i (i = 1, 2), in order to prove the proposition is enough to show that O(x) intersects (p
Suppose without loss of generality that f
From now on, we denote the minimal interval by I and the blender set associated to F by Q = I ×J. Moreover, for (x, y) ∈ R J , we denote by F u x the vertical segment {x} × J in R J , and by F u i,x the vertical segment {x} × J i in R i . Corollary 3.1.4. For each (x, y) ∈ R J holds that
In particular, Q ⊂ n≥0 F n (F u i,x ), for i = 0, 1 and 2. Proof. The proof follows easily from the construction.
The result above is an open property.
Corollary 3.1.5. There is a C 1 open neighborhood U F of F such that for every G ∈ U F , one has Q ⊂ ∪ n≥0 G n (F u i,x ), for every x ∈ S 1 , i = 0, 1 and 2.
Proof. It follows from proof of Proposition 2.2.2.
Remark 3.1.6. Follows from Corollary 3.1.4 and by compactness that there exist a C 1 open neighborhood U F of F , an integer n 0 ≥ 1, and a real number ρ > 0 such that for every arc γ ρ C 1 close to F u x , for some x ∈ S 1 , then G n0 (γ) has a connected componentγ in Q cutting across.
The following result shows that we may choose the homotopy f y so that |∂f y /∂y| is sufficiently small. Proposition 3.1.7. Given δ > 0, there exists 0 > 0 such that for f, g :
maps of topological degree µ ∈ N which are 2 0 C 0 close, there exists an homotopy H t between f and g so that |∂ t H t | < δ.
Proof. Let π : R → S 1 be the universal covering map. Letf andg be the lift of f and g, respectively, such thatf andg are C 0 close each other. Then, we may define the isotopy fromf tog bỹ
for everyx ∈ R, m ∈ Z, we have that the homotopy H t (x) = π •H t (x) between f and g is well defined. Furthermore,
Since |∂ tHt | = |f (x) −g(x)| < 2 0 and maxx ∈R |Dπ(x)| is bounded, we may chose 0 > 0 small enough such that |∂ t H t | < δ finishing the proof.
Let us assume now that f y satisfies the proposition above. Later will be specified some restriction over δ > 0. So far the map F is a local diffeomorphism. Now, we consider a perturbation in order to get critical points and we will prove that this new map is robustly transitive.
Observe that by construction Q ⊂ F (Q). Then, we may choose the first n 0 ≥ 1 such that F n0 (Q) = T 2 . This is not hard to check, so we left details for the reader. Moreover, there exists a neighborhood U F satisfying Corollary 3.1.5 with such property for each G ∈ U F . Pick a point z = (z 1 , z 2 ) away from G n0−1 (Q), for every G ∈ U F , and fix small neighborhood B z of z. Let t, s > 0 small enough so that
ϕ (w)dw where ψ and ϕ are as in figure 3 . Moreover, µ < ψ(0) < µ+
, and max{ϕ } = 1. By slight abuse of notation we will denote ψ(y − z 2 ) and ϕ(x − z 1 ) by ψ(y) and ϕ(x), respectively. Thus, let us define F t,s : T 2 → T 2 by F t,s (x, y) = (f y (x) − Φ(x, y), λy), where
Remark 3.1.8. Note that |ϕ| goes to zero as s goes to zero. Hence, F t,s goes to F in the C 0 topology, when t and s go to zero. In particular, since F was constructed C 0 close to L, it follows that F t,s is C 0 close to L. Hence, F t,s is homotopic to L.
Proposition 3.1.9. There exists a C 1 neighborhood U Ft,s such that for every G ∈ U Ft,s holds that the critical set S G of G is nonempty.
Proof. We omit the proof, since it is the same as in [ILP16, Remark 1d].
Given a > 0 and p ∈ T 2 , we consider
The following lemma shows that it is possible to construct a family of unstable cones for the map F .
Lemma 3.1.10 (Existence of unstable cone fields for F ). Given δ > 0 and a > 0, there exist 0 < θ := θ(δ, a, t, s) < 1 and λ > 1 such that if F := F t,s the following properties hold:
Proof of (i):
If (x, y) ∈ I δ (z 1 ) × I ε (z 2 ) remember that
Then, ∂ y f y (x) = 0. Thus, from simple calculations follows that
By Remark 3.1.8, |ϕ| → 0 as s → 0, and since |ψ | is bounded, we may choose s > 0 small enough such that
If y ∈ J \ ∪ 2 i=0 J i , f y is the homotopy between f i and f 0 given by Proposition 3.1.7. Without loss of generality, we prove the case that f y is the homotopy between f 1 and f 0 , the other case is analogous. Given δ > 0, fix 0 > 0 given by Proposition 3.1.7, so that f 1 is 2 0 C 0 close to f 0 , |∂ x f y (x)| < µ + 2 0 , and |∂ y f y (x)| < δ. Hence,
Fixing δ > 0 small enough such that
If y ∈ J i , for i = 1, 2, we have f y (x) = f i (x). Then, |f i (x)| < µ + 2 0 . Hence,
In the other cases, noting that F (x, y) = (f 0 (x), λy (mod 1)), it follows the result by straightforward calculation. Therefore, taking θ = max{θ 1 , θ 2 }, we conclude the proof of the first item.
Proof of (ii): Let λ be such that √ 2 ≤ λ < |λ|. Note that
The proof follows from choosing a small enough.
From now on, by slight abuse of notation, we will denote by F the map F t,s defined above. Next result shows that the properties of F given above are robust.
Lemma 3.1.11. There exists U F a C 1 open neighborhood of F such that for every G ∈ U F the properties (i) and (ii) of Lemma 3.1.10 hold.
Proof. The proof follows from observing that (i) and (ii) of Lemma 3.1.10 are open properties.
Remark 3.1.12. Follows from (ii) of Lemma 3.1.10 that if γ is an arc such that
Proposition 3.1.13. For any ρ > 0, r 0, λ 0 and µ 0 such that µ < µ 0 < λ 0 < λ, there exists some real number η > 0 such that if G = (g 1 , g 2 ) satisfies
Then, for any arc γ with γ ⊂ C u a (γ), there exist a sequence of points (q n ) n ⊂ T 2 and a sequence of arc (γ n ) n satisfying:
(i) q n ∈ γ n , γ 0 ⊂ γ, and γ n ⊂ G(γ n−1 ); (ii) the length of γ n goes to infinity;
Proof. For q ∈ T 2 , we have 
, we have ρ n < a and
By compactness, v 0 can be chosen so that ρ 0 is the maximum possible slope of unit vectors in C u a . Then, we may suppose that b > 1 and ρ n < δ , for every n ≥ k 0 . Thus, all nonzero tangent vectors to γ n have slope smaller than δ > 0, for n ≥ k 0 .
Let us compare the norm of a tangent vector to γ n with its image by DG.
Then, by the item (ii) of Lemma 3.1.11, there exists λ > 1 such that
Hence, we have that
Since λ > 1 and
we may take η > 0 and δ > 0 small enough such that
Therefore, since δ depends on n, µ 0 , λ 0 and η, we may choose δ > 0 such that the curves γ n is ρ C 1 close to F u r (q n ), for every n ≥ k 0 . Finally, we are able to prove that F as it was constructed above is a robustly transitive endomorphism.
Theorem A. There is a neighborhood U F of F so that every G ∈ U F is transitive with nonempty critical set. In particular, F is robustly transitive with persistent critical points.
Proof. Let ρ > 0 given by Remark 3.1.6.
2 ) and (x, y) ∈ R 0 , we have that
where µ < µ 0 < λ 0 < λ and η > 0 are given by Proposition 3.1.13. Thus, given any open sets U and V in T 2 , let γ be an arc contained in V with γ ⊂ C u a (γ). Since the length of G n (γ) goes to infinity, we can take a connected component of G n (γ) ∩ R 0 . Let us denote by γ 0 . Now, denote by γ n the connected component
2 ) satisfies (8) follows that there exists q n ∈ γ n and k 0 ≥ 1 such that γ n is ρ C 1 close to
. Thus, by Remark 3.1.6, there is a connected component of G k (γ n ) in Q cutting across it, we denote byγ. From Proposition 2.2.3, we get that
Finally, we can prove that G n (V ) ∩ U = ∅, for some n ≥ 1. In fact, since G n (Q) = T 2 , for n large, there is a component of G −n (U ) in Q, and so, by (9), we have that G l (V ) intersects U , for some l large. Thus, G is transitive.
Remark 3.1.14. A similar construction can be made for the case that the initial linear map has |µ| ≤ 1.
3.2. Robustly transitive maps on the Klein bottle. Let α, β : R 2 → R 2 defined by α(x, y) = (x + 1, y), β(x, y) = (−x, y + 1) and Γ be the group of selfhomeomorphisms of R 2 generated by α and β. We define the Klein bottle as the quotient space given by
Consider the matrix
where µ, λ ∈ Z and λ is an odd number. This matrix induces a linear endormor-
For more details see [?] . Then, for |λ| |µ| ≥ 1, one can repeat the same construction made in the periodic case above. Hence, the following result holds.
Theorem B. There is a robustly transitive endomorphism with nonempty critical set on the Klein bottle.
3.3. Irrational Case. Let L be a matrix in GL(2, Z) with spectrum σ(L) = {µ, λ} ⊂ R\Q, 1 < |µ| |λ|. We take v c and v u as the directions associated to the eigenvalues µ and λ and denote, respectively, by E c and E u the subspaces generated by them.
Remember that F c and F u are the weak-unstable and unstable foliations of the linear endomorphism L. Now, we denote by F u,± n (p) the connected components of F u (p)\{p}, and by F u,+ n (p) the piece of F u,+ (p) of length n. Note that,
Before start the proof, let us fix some notation which will be useful later.
Denote by R the box I }. Moreover, denote by q r1 the point q + (r 1 , 0) ∈ R and suppose that q r1 ∈ L −1 (p). Let ϕ : R → R be a bump function such that ϕ(s) = 1, for |s| ≤ 3/4, and ϕ(s) = 0, for |s| ≥ 1. Then, we define h t : T 2 → T 2 as the following perturbation of the identity h t = Id in T 2 \R, and, h t (q + (x, y)) = q + (x + tΦ(x, y), y), ∀(x, y) ∈ R, (10)
where Φ(x, y) = ϕ(x/r 1 )ϕ(y/r 2 ). That is, h t is a translation in the v c -direction. For simplicity, we denote q+(x, y) by (x, y) on R, and so, h t (x, y) = (x+tΦ(x, y), y).
Now we can prove the lemma.
Proof of Lemma 3.3.1. Consider h t : T 2 → T 2 defined as in (10). Since the derivative of h t is
taking |t| smaller than r 1 , then h t is C 1 close to the Identity. Consequently, f t is C 1 close to L.
In order to get the second and third items, we first prove an auxilary claim. Let us fix some notation before. Denote by W u (f t , p) the unstable manifold of f t , by W u loc (f t , p) the local unstable manifold, and we have that
Claim: There is a sequence of intervals (I 
Fix r 1 , r 2 > 0 and m 0 > 0 such that for each unstable interval I contained in R of length 3r 2 /2, one has L k (I) ∩ R = ∅ for 1 ≤ k ≤ m 0 − 1 and L m0 (I) has length greater than 5r 2 . Moreover, if L(I) intersects R but does not cross, then its length is greater than the length of µ m0 I (µI = {µu : u ∈ I}) minus 2r 2 . Hence, given any unstable interval I of length greater than 3r 2 /2, always there is n ≥ 1 such that L n (I) crosses R.
The sequence (I j ) j is constructed by induction in the following way: since I u 0 of length 3r 2 /2, then we denote by I 1 ⊂ I u 0 the interval which L n1 (I 1 ) is a component that cross R, denoted by I u 1 . Now, note that I u 1 has length 3r 2 /2, then we may take n 2 ≥ 1 and I 2 such that L(I 2 ) crosses R, denote a component by I u 2 . Repeating the process, we construct the sequence as we wish.
Continuing the proof of the lemma, we will show that for every neighborhood U of L in End 1 (M ), there is t > 0 such that f t ∈ U and there exists a unstable interval I ⊂ W u (f t , p) so that q r1 ∈ I.
Now, let us take ε > 0 such that f t ∈ U, for 0 ≤ t ≤ ε. We fix r 1 , r 2 , and ε > 0 small enough, and, without loss of generality, assume that h t (x, y) = (x + t, y), (x, y) ∈ I c r1 × I 0 , and so, f t (x, y) = (µx + t, λy), L(x, y) ∈ I c r × I 0 . Moreover, we may assume that given an unstable interval I in F, there is a sequence of unstable intervals (I j ) j contained in R, and a sequence (k j ) so that I 0 = I and I j ⊂ L kj (I j−1 ).
Let I 0 (t) be the image by h t of I u 0 . We may take, for each 0 ≤ t ≤ ε, a sequence of unstable intervals (I j (t)) j contained in R such that I j (t) is contained in L kj (I j−1 (t)), without loss of generality, denote by (n j ) j the subsequence of (k j ) j given by the claim above. Hence, the unstable interval I nj (t) is a translation on the center direction by
where x k is the projection of I k (t) over the center interval I c r1 . Thus, by construction, we have a box R 0 which is foliated by unstable intervals (I 0 (s)) 0≤s≤t . Denote by R j the box contained in L lj (R 0 ) and bounded on center direction by I u j and I j (t). Therefore, by continuity, one can choose 0 < t 0 ≤ t such that I nj (t 0 ) is the unstable interval centered at q r1 , for j ≥ 1 large enough. This concludes the proof, since f t coincides with L outside R and the unstable manifold of f t at p is
We fix t > 0 such that f t satisfies the lemma above.
Lemma 3.3.2. Let f t given by Lemma 3.3.1. Then, there is a Derived from Anosov of f t , denoted by F , which has a blender set for some iterated F n .
Proof. For η > 0 with 0 < η < r , we define ξ : R → [0, 1] a bump function such that ξ(s) = 0 for s ≥ r , and, ξ(s) = 1 for s ≤ η. We can choose η > 0 and r > 0 such that p m ∈ B η (p) and p j / ∈ B r (p) for m + 1 ≤ j ≤ 0 ( e.g., r = λ η where 1 < λ < λ). We defineΘ : • p ∈ ∂I 0 and p m ∈ I 1 for some m ≤ n;
• the length of F s,t (I i ) is greater than η for i = 0, 1; • F Then, choose k ≥ 1, t > 0 and s > 0 such that |g 0 |, |g 1 | < 1, and g 0 , g 1 are as in the figure 5.
Denote such F s,t simply by F . From Example 1 and Proposition 2.2.3, we get that F |m|+k has a blender. From now on, we denote the blender by Q and by U F the neighborhood of F where Q is a blender for every G ∈ U F . Moreover, we can choose n 0 , n 1 ≥ 1 and an open set B away from R and B r (p) such that G n0 (Q) = T 2 , G n1 (B) cutting across the blender Q and the critical set S G of G is contained in B, for every G ∈ U F . Assume also that the next result holds for U F .
Proposition 3.3.3. For every G ∈ U F the properties (i) and (ii) of Lemma 3.1.10 hold. Moreover, the critical set S G of G is nonempty.
Proof. We omit the proof, since it is very similar to the proof of Lemma 3.1.10 and Proposition 3.1.9.
Since the foliation F u is minimal, there exists r > 0 such that F u r (q) is cutting across the blender Q for any q ∈ T 2 . Using the fact that F coincides with L far away from the perturbation sets R, B r (q), and B, together with Proposition 3.1.13, follows the existence of a neighborhood of F , denoted by W F , such that for any G ∈ W F and any arc γ with γ ⊂ C u a , there is a sequence (γ n ) n of arcs satisfying (i), (ii) and (iii) of Proposition 3.1.13. Finally, using similar arguments as in the proof of Theorem A follows the next lemma. Lemma 3.3.4. There exists a neighborhood W F of F such that for any G ∈ W F and any arc γ with γ ⊂ C u a , there is a sequence (γ n ) n of arcs with γ n ⊂ G(γ n−1 ) so that γ n is cutting across Q.
Finally, we prove the following result.
Theorem C. Every G ∈ W F is transitive with nonempty critical set. In particular, F is robustly transitive with persistent critical points.
Proof. The proof is similar to the periodic case. Let U and V be two open sets in T 2 . Then, we may choose an arc γ in V , and so, by Proposition 2.2.3, we get that Q ⊂ ∪ n G n (γ). Finally, by the fact that G −l (U ) intersects Q, we have that G n (V ) intersects U .
